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Abstract
We reduce Einstein’s field equations for the interior of a uniformly
rotating, axisymmetric perfect fluid to a system of six second order
partial differential equations for the pressure p the energy density µ
and four dependent variables.Four of these equations do not depend
on p and µ and the other two determine p and µ.
PACS number(s): 04.20.Jb, 04.20.-q
1 Introduction
The number of solutions of Einstein’s field equations for the interior of a
uniformly rotating stationary axisymmetric perfect fluid is very limited con-
trary to what happens in the stationary axisymmetric vacuum case [1].This
is mainly due to the fact that the equations we have to solve in the first
case are complicated [2], while in the second case they have been reduced
to the equivalent and much simpler Ernst’s equation [3].Reduction of the
”interior” problem is known for Einstein-Mawxell field [4] and dust [5].Also
Einstein’s field equations for the interior of a uniformly rotating stationary
axisymmetric perfect fluid have been reduced to a system of two second order
partial differential equations for two unknown functions, which however are
very complicated [6].
In this work the six Einstein’s field equations for the interior of a uniformly
rotating stationary axisymmetric perfect fluid, which depend on the pressure
p the energy density µ of the fluid and on four dependent variables, will be
divided into a set of four equations which depend on the four dependent
variables but not on p and µ and a set of two equations which give mp
and µ as functions of the four dependent variables. Therefore solving the
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first system of equations we can determine p and µ algebraically using the
second set. Introducing a potential and redefining variables we write the first
system in a relatively simple form, which is very convenient for finding the
Ba¨cklund transformations the equations of the system may posses. Also we
eliminate one of the dependent variables of the system increasing however
the complexity of the problem.
2 The Field Equations
The line element of stationary axisymmetric fields admitting 2-spaces orthog-
onal to the Killing vectors ~ξ = ∂t and ~η = ∂φ can be written in the form [7],
[1]
ds2 = e−2U{e2K(dρ2 + dz2) + F 2dφ2} − e2U(dt+ Adφ)2 (1)
where U = U(ρ, z), K = K(ρ, z), F = F (ρ, z) and A = A(ρ, z). The
decomposition of the metric into orthogonal 2-spaces whose points are labeled
by ρ and z is possible for perfect fluid solutions provided that the 4-velocity
of the fluid satisfies the circularity condition u[aξbηc] = 0 [1].
For a perfect fluid source we have the energy-momentum tensor
Tab = (µ+ p)uaub + pgab (2)
where ua are the components of the 4-velocity and µ and p are the mass
density and the pressure of the fluid respectively. We shall introduce the
notation
∂ρ =
∂
∂ρ
, ∂z =
∂
∂z
, ∂ =
1
2
(∂ρ − i∂z), ∂ =
1
2
(∂ρ + i∂z). (3)
Then Einstein’s field equations for a uniformly rotating axisymmetric perfect
fluid can be written in the form [2]
2∂∂F = pFe2K−2U (4)
2∂∂U +
1
F
(∂U∂F + ∂U∂F ) +
1
F 2
e4U∂A∂A =
1
4
(µ+ 3p)e2K−2U (5)
2∂∂A−
1
F
(∂A∂F + ∂A∂F ) + 4(∂A∂U + ∂A∂U) = 0 (6)
2∂F∂K − ∂ ∂F − 2F∂U∂U +
1
2F
e4U∂A∂A = 0 (7)
∂∂K + ∂U∂U +
1
4F 2
e4U∂A∂A =
1
4
pe2K−2U (8)
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Also from the conservation relation T ab;b = 0 we get equations
∂p + (µ+ p)∂U = 0 (9)
which are obtained from Eq. (4) - (8) and will be omitted in the following.
Eqs (4), (5) and (8) are equivalent to the system
p =
2
F
∂∂Fe2U−2K (10)
µ = e2U−2K{8∂∂U +
4
F
(∂U∂F + ∂U∂F ) +
4
F 2
e4U∂A∂A
−12∂∂K − 12∂U∂U −
3
F 2
e4U∂A∂A} (11)
4∂∂K + 4∂U∂U +
1
F 2
e4U∂A∂A−
2
F
∂∂F = 0 (12)
We shall replace Eqs (4), (5) and (8) by Eqs (10) - (12).
If we put
A = −ω, e2U = T (13)
Eq (6) takes the form
∂(
T 2
F
∂ω) + ∂(
T 2
F
∂ω) = 0 or ∂ρ(
T 2
F
ωρ) + ∂z(
T 2
F
ωz) = 0 (14)
where a letter as an index in a function means differentiation with respect to
the corresponding variable e.g. ωρ =
∂ω
∂ρ
. The solution of the above equation
is
T 2
F
∂ω = i∂φ (15)
or
ωρ =
F
T 2
φz and ωz = −
F
T 2
φρ (16)
where φ is an arbitrary function. Also we have
T{φρρ + φzz +
1
F
(Fρφρ + Fzφz)} − 2(Tρφρ + Tzφz)
=
T 3
F
{∂ρ(
F
T 2
φρ) + ∂z(
F
T 2
φz)} (17)
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But if Eqs (16) are satisfied the above relation vanish. Therefore we can
substitute Eq (14) by the relation
T{φρρ + φzz +
1
F
(Fρφρ + Fzφz)} − 2(Tρφρ + Tzφz) = 0 (18)
and Eqs (16) which define ω.Then using Eqs (16) to eliminate ω and intro-
ducing the Ernst’s potential
E = T + iφ (19)
Eqs (7), (10) - (12) and (18) become
Im{
1
2
(E + E)(∇2E +
1
F
~∇F · ~∇E)− ~∇E · ~∇E} = ImΛ = 0 (20)
2∂F∂K − ∂ ∂F −
2F
(E + E)2
∂E∂ E = 0 (21)
2∂∂K −
1
F
∂∂F +
1
(E + E)2
(∂E∂ E + ∂E∂E) = 0 (22)
p =
1
F
(E + E)e−2K∂∂F (23)
µ = e−2K(
2
E + E
ReΛ−N) = −3p +
2
E + E
e−2KReΛ (24)
where
∇2 = ∂2ρρ + ∂
2
zz,
~∇ = ρˆ∂ρ + zˆ∂z (25)
Λ =
1
2
(E + E)(∇2E +
1
F
~∇F · ~∇E)− ~∇E · ~∇E (26)
N = 6(E + E)∂∂K +
3
E + E
(∂E∂ E + ∂E∂E) = 3pe2K (27)
The expressions ImΛ and ReΛ are the imaginary part and the real part of
Λ respectively, and ρˆ and zˆ are the unit vectors in the direction of the ρ and
z axis respectively. Also in deriving Eq (27) we have used Eqs (22) and (23).
Thus we have reduced the solution of the problem to the solution of Eqs (20)
- (22), which form a system of four equations for the four unknowns F , K,
and E = T + iφ. Having solved this system we can use Eqs (23) and (24) to
calculate p and µ.
Our system of equations (20) - (24) is simplified considerably in the vac-
uum case. In this case we have p = µ = 0 and we can introduced Weyl’s
4
canonical coordinates with F = ρ . Then Eq (23) is satisfied and Eq (24)
implies the relation ReΛ=0. This combined with Eq (20) gives
Λ =
1
2
(E + E)(∇2E +
1
ρ
Eρ)− ~∇E · ~∇E = 0 (28)
which is Ernst’s equation. Also Eqs (21) imply the relations
Kρ =
ρ
4T 2
(T 2ρ + φ
2
ρ − T
2
z − φ
2
z), Kz =
ρ
2T 2
(TρTz + φρφz) (29)
which are consistent (i.e. Kρz = Kzρ ) if Λ = 0. Finally Eq (22) is a
consequence of Eqs (28) and (29). Therefore in the vacuum case we have to
solve Eqs (28) and (29) only.
If we put
lnF = G (30)
we get
1
F
∂a∂bF = ∂a∂bG+ ∂aG∂bG (31)
Then Eqs (21) and (22) become
∂ ∂G+ ∂G∂G− 2∂G∂K +
2
(E + E)2
∂E∂E = 0 (32)
2∂∂K − ∂∂G− ∂G∂G+
1
(E + E)2
(∂E∂ E + ∂E∂E) = 0 (33)
To simplify the notation we shall introduce the variables ξ and η by the
relations
ξ = ρ+ iz and η = ρ− iz (34)
and we shall put
2K −G = M (35)
Then Eqs (20), ( 32) and (33) become
Gηη −MηGη +
1
2T 2
(T 2η + φ
2
η) = 0 (36)
Mηξ −GηGξ +
1
2T 2
(TηTξ + φηφξ) = 0 (37)
φηξ +
1
2
(Gηφξ +Gξφη)−
1
T
(Tηφξ + Tξφη) = 0 (38)
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Also we can easily write Eqs (23) and (24) in the variables introduced above.
One way of finding solutions is to solve the system of four Eqs (36) - (38)
with four unknowns and then use Eqs (23) and (24) to get p and µ. This
form of the system of equations i.e. four equations without p and µ and two
giving p and µ in term of the four dependent variables is very convenient in
the search for Ba¨cklund transformations [8]. Of course one can approach the
problem in a different way.
3 Another Form of the System
We shall write now the system we want to solve in a different way. Eqs (32)
and (33) become in the variables ξ and η of Eqs (34)
Gηη +G
2
η − 2GηKη +
2
(E + E)2
EηEη = 0 (39)
2Kηξ −Gηξ −GηGξ +
1
(E + E)2
(EηEξ + EξEη) = 0 (40)
Let us put
Gη = N (41)
which implies the relation Gξ = N since G is real. Then solving Eq (39) for
Kη and using the resulting expression to eliminate Kη from Eq (40) we get
Kη =
Nη
2N
+
N
2
+
1
(E + E)2N
EηEη (42)
∂
∂ξ
{
Nη
N
+
2
(E + E)2N
EηEη} = NN
−
1
(E + E)2
(EξEη + EηEξ) (43)
Also Eq (20) becomes
ImΛ = Im{Eξη +
1
2
(NEξ +NEη)−
2
E + E
EξEη} = 0 (44)
The N we get by solving Eqs (43) and (44) must be of the form of Eq
(41). But then we get
ImNξ = ImGηξ = 0 (45)
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since G is real.We can show that any complex number N which satisfies the
first of Eqs (45) is of the form of Eq (41) with G real. Also Eq (43) implies
the relation
ImKηξ = 0 (46)
which means that Kρ and Kz coming from Eqs (42) satisfy the integrability
condition Kρz = Kzρ. Using Eq (44) we can write Eq (43) in the form
(
Nη
N
)ξ −NN +
2(En + En)
N(E + E)2
{Eξη +
1
2
(NEξ +NEη)
−
2
E + E
EξEη} −
2
(E + E)2
(
Nξ
N2
+
N
N
)EηEη = 0 (47)
Therefore we can get N and E by solving Eqs (43) or (47), (44) and the first
of (45) and K from (42).
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